We treat the possible Lie superalgebras where in addition to Poincaré generators there are n supergenerators. These superalgebras are determined with the help of relativistic wave equations. It is shown that structure constants are connected with the matrices of first-order relativistic wave equations. Some of these Lie superalgebras may be interesting from mathematical point of view.
INTRODUCTION
Let us recall the definition of Lie superalgebra L. Let L be a complex (real) graded vector space so that L = L 0 ⊕ L 1 . The subspace L 0 is the even with dimension m and L 1 is the odd with dimension n. Any element a ∈ L that is either even or odd is said to be homogeneous, and degree (or parity or grading) is defined by
For all a, b ∈ L there exists a generalized Lie product (or supercommutator) [a, b}, [a, b} ∈ L with the properties:
(1) for all a, b, c ∈ L, and any complex (real) numbers α and β (4) for any three homogeneous elements a, b, and c of L, the generalized Jacobi identity holds
Then L is said to be a complex (real) Lie superalgebra with even dimension m and odd dimension n. It follows in particular that a Lie algebra is a Lie superalgebra which has no odd elements. A Lie superalgebra can be obtained from any associative superalgebra by taking the generalized Lie product (or supercommutator) [a, b} of the form
That is if at least one of the elements a and b is even, then this implies that [a, b] = ab − ba, and if a and b are odd elements, then {a, b} = ab + ba. A way to get a Lie superalgebra is to start with a Lie algebra L 0 , choose a representation of L 0 with a carrier space L 1 , and set up direct sum L 0 ⊕ L 1 . See for example [1] [2] [3] . Next we treat the Poincaré superalgebra (supersymmetry algebra). Supersymmetry or Bose-Fermi symmetry transforms bosonic fields into fermionic ones and vice versa. This symmetry requires the extension of the Poincaré Lie algebra with generators of supersymmetry transformations, that is extension of the Poincaré algebra to the Poincaré superalgebra or supersymmetry algebra [4, 5] , see for reviews [6] [7] [8] . In addition to the Poincaré superalgebra there are the conformal superalgebras, the de Sitter superalgebras, and the anti-de Sitter superalgebras associated with space-time symmetries. These are respectively extensions of the conformal, the de Sitter, and the anti-de Sitter algebras. The even part of the Poincaré superalgebra satisfies the constraint which comes from the Coleman-Mandula no-go theorem [7, 9] . Their theorem states that the only symmetry of the scattering matrix (S-matrix) that includes Poincaré symmetry is the product of the Poincaré symmetry and an internal symmetry group G ⊗ T . The basic elements of the odd part L 1 form the carrier space of some representation of L 0 . In particular, they must form the carrier space of some representation of the homogeneous Lorentz algebra. By Haag, Lopuszanski, and Sohnius extension of Coleman-Mandula theorem [10] this representation is equivalent to the direct sum of N copies of the 4-dimensional spinor representation (Majorana spinor) Q A α , for A = 1, ..., N and α = 1, ..., 4. Of course their theorems hold only under a number of certain physical assumptions.
We can write the N-extended Poincaré superalgebra [10] [11] [12] for D = 4 dimensional Minkowski spacetime as
Here µ, ν, ... = 0, 1, 2, 3 are space-time indices, α, β , ... = 1, ..., 4 are four-spinor indices. As we see from (2) in addition to Poincaré generators P µ , M µν there are more than one anticommuting Majorana spinorial charges (supersymmetry generators) Q A α , (the indices A = 1, ..., N label the representation of the internal symmetry group to which Q A α belongs). T i , i = 1, ..., dimT is the generator of the internal symmetry group. The antisymmetric operators U AB = −U BA and V AB = −V BA are central charges, and matrices ξ , ζ that have to satisfy (ξ j + iζ j ) = −(ξ j + iζ j ) † σ µν are Lorentz generators for a bispinor, γ µ are Dirac matrices, and C is charge conjugation matrix.
The central charges can appear only for N ≥ 2. The N = 1 Poincaré superalgebra is known as simple Poincaré superalgebra, there are no central charges. In the absence of central charges the Poincaré superalgebra is invariant under a group U(N) of internal symmetries and in case N = 1 the U(1) invariance is known as R-symmetry. The Poincaré superalgebra and other superalgebras associated with space-time symmetries have great importance in physics, but there are relatively new interesting structures such as 3-algebras [13] [14] [15] .
POSSIBLE POINCARÉ SUPERALGEBRAS
In this note we deal with algebras where the number of anticommuting generators is arbitrary and give the general form of the structure constants. These superalgebras are definitely interesting from mathematical point of view. We consider an algebra where the generators P µ and M µν of the Poincaré group and n generators S α satisfy the relations:
where c µν,ρσ κλ
and η 00 = −η 11 = −η 22 = −η 33 = 1. In this paper κ, λ , µ, ν, ρ, σ = 0, 1, 2, 3 and α, β , γ, δ = 1, 2, ..., n, summation over the repeating indices is presumed. Proceeding from the Jacobi identities, it is easy to demonstrate that B µν αβ are the matrix elements of the generators B µν of some n-dimensional representation (reducible or irreducible) of the Lorentz group and A µ,αβ are matrix elements of matrices A µ which are connected with the β -matrices of an invariant first-order equation
The idea is to reduce the conditions we get from the Jacobi identities to some well-known commutation relations. Starting with the Jacobi identities it is easy to be convinced that we must look through the identities with generators S α and M µν . First we start from the identities
Using the relations (3), we obtain 
The last relations are the well-known commutation relations of the Lorentz group generators. Therefore the matrices B µν are the generators of some arbitrary n-dimensional representation of the Lorentz group, and the structure constants B µν αβ in (3) are its matrix elements. The number of the anticommuting generators is equal of course to the dimension of the B µν representation. The second Jacobi identity 
Here B µν is B µν transposed and we have used the fact that A µ = A µ . Now we suppose that there exists a matrix C which satisfies
Then we can write (8) as
we obtain
The last relations are the invariance conditions for the first-order wave equation (6) corresponding to the B µν representation. Therefore the matrices A κ are connected with the β -matrices of an invariant equation. From the relation (10)
and therefore
As regards matrix C which satisfies (9), it should be mentioned that such a matrix always exists because it exists in the case of the spinor representations (1/2, 0) and (0, 1/2). To show this, we write the generators B µν in the form
, where the minus sign corresponds to the representation (1/2, 0), and the plus sign to (0, 1/2) and σ 1 , σ 2 , σ 3 are the Pauli matrices. Now the matrix C must satisfy Cσ k C −1 = −σ k . In the case of the usual representation of the Pauli matrices one can take C = ±σ 2 . As other representations are obtainable from direct products of spinor representations, Matrix C also exists. In the case of Dirac bispinor (1/2, 0) ⊕ (0, 1/2) C is charge conjugation operator. The matrices β κ and C must be chosen to satisfy β κ C = β κ C.
SOME CONCLUSIONS
In the previous section it is shown that there exist general Poincaré superalgebras (3) where B µν are generators of some n-dimensional representation of the homogeneous Lorentz group and A µ are determined by the β -matrices of the corresponding first-order wave equation (7) . Let us consider some examples. We hope that they may be interesting also in physical applications.
